Introduction
The L p -theory of solutions of the homogeneous A-harmonic equation d A x, dω 0 for differential forms has been very well developed in recent years. Many L p -norm estimates and inequalities, including the Hardy-Littlewood inequalities, Poincaré inequalities, Caccioppoli-type estimates, and Sobolev imbedding inequalities, for solutions of the homogeneous A-harmonic equation have been established; see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . Among these results, the Caccioppoli-type inequalities and the Poincaré inequalities for differential forms have become more and more important tools in analysis and related fields, including partial differential equations and potential theory. However, the study of the nonhomogeneous A-harmonic equation d A x, dω B x, dω just began 4, 6 . Roughly, the Caccioppoli-type inequalities or estimates provide upper bounds for the norms of ∇u or du in terms of the corresponding norm of u or u−c, where u is a differential form or a function satisfying certain conditions. For example, u may be a solution of an A-harmonic equation or a minimizer of a functional, and c is some constant if u is a function or a closed form if u is a differential form. Different versions of the Caccioppoli-type inequalities and the Poincaré inequalities have been established during the past several decades. For instance, Sbordone proved in 12 the following version of the Caccioppoli-type inequality: for the gradient of minimizers of the functional I Ω; v , where r > 1 is some constant. In 14 , Greco et al. studied the variational integrals whose integrand grows almost linearly with respect to the gradient and the related equation div A x, f ∇u 0, where A is slowly increasing to ∞. For instance, A t log α 1 t , α > 0, or A t log log e t . They proved that the minimizer u subject to the Dirichlet data v satisfies the estimate
at least for some small ε > 0. In 15 , Cianchi and Fusco investigated the higher integrability properties of the gradient of local minimizers of an integral functional of the form J u, Ω Ω f x, u, du dx, where Ω is an open subset of R n , n ≥ 2, and f is a Carathodory function defined in Ω × R N × R nN satisfying some growth conditions. Using a new form of the Caccioppoli inequality and some other tools, such as the Sobolev inequality and a generalized version of the Gehring lemma, they proved that if u is a local minimizer of J u, Ω , for Ω 0 ⊂⊂ Ω there exists δ > 0 such that
where A satisfies the so-called Δ 2 -condition. However, all versions of the Caccioppoli-type inequality developed or used in 12-15 are about the minimizer u of some functional. In this paper, we will prove the Caccioppoli-type inequalities and the Poincaré inequalities with the L s log L α -norm for differential forms satisfying the nonhomogeneous A-harmonic equation.
The method developed in this paper could be used to establish other L s log L α -norm inequalities for solutions of the homogeneous A-harmonic equation or the nonhomogeneous A-harmonic equation. Throughout this paper, we always assume that Ω is an open subset of R n , n ≥ 2. The ndimensional Lebesgue measure of a set E ⊆ R n is denoted by |E|. We say that w is a weight if w ∈ L 
Similarly, we have
where μ is a measure defined by dμ w x dx and w x is a weight. In this paper, we simply write
, where w is a weight. We keep using the traditional notations related to differential forms in this paper. Let Λ Λ R n be the linear space of the -covectors on R n , 1, 2, . . . , n. It is a normed space of dimension n . A differential -form ω on Ω is a Schwartz distribution on Ω with values in Λ R n . We write D Ω, Λ for the space of all differential -forms and
We use L p log L α Ω, Λ to denote the space of all differential -forms u on Ω with 
for almost every x ∈ Ω and all ξ ∈ Λ R n . Then the nonlinear elliptic equation 
Preliminaries
The purpose of this section is to establish some preliminary results that will be used in the proof of our main theorems. In 6 , the weighted Poincaré inequality for solutions of the nonhomogeneous A-harmonic equation was established. From 7 , we have the following local Poincaré inequality.
for all balls B with σB ⊂ Ω. Here C is a constant independent of u and σ > 1 is some constant.
From 7 , we have the following local Caccioppoli-type inequality. for all balls or cubes B with σB ⊂ Ω for some σ > 1. Now, we prove the following local Orlicz norm estimates. 
From 2.6 and 2.7 , it follows that
2.8
From 17 , we know that
Putting 2.9 into 2.8 and noting that
This ends the proof of inequality 2. 
for any closed form c. The proof of Proposition 2.4 has been completed.
Next, extend the weak reverse Hölder inequality above to the case of Orlicz norms.
Lemma 2.5. Let u be a solution of 1.13 in Ω, σ > 1, and 0 < s, t < ∞. Then there exists a constant 
2.19
This ends the proof of Lemma 2.5.
Using a similar method developed in the proof of Lemma 2.5 and from Lemma 2.9 in 6 , we can prove the following version of the weak reverse Hölder inequality with Orlicz norms. Note that the following version of the weak reverse Hölder inequality cannot be obtained by replacing u by du in Lemma 2.5 since du may not be a solution of 1.13 . Lemma 2.6. Let u be a solution of 1.13 in Ω, σ > 1, and 0 < s, t < ∞. Then there exists a constant 
for all balls or cubes Q ⊂ E. Combining last three inequalities, we obtain
Caccioppoli-Type Estimates
The proof of Theorem 3.1 has been completed.
If we revise 3.5 and 3.5 in the proof of Theorem 3.1, we obtain the following version of Caccioppoli-type estimate. Proof. Let B be a ball with σB ⊂ Ω and diam 
3.19
Since w ∈ A r Ω , then
3.20
Substituting the last inequality into 3.19 it follows obviously that
This ends the proof of Theorem 3.3.
Let α 1 in Theorem 3.3; we obtain the following corollary. We know that if w ∈ A r E and 0 < λ ≤ 1, then w λ ∈ A r E . Thus, under the same conditions of Theorem 3.3, we also have the following estimate:
where c is any closed form, and 0 < λ ≤ 1 and α > 0 are any constants. Choose λ 1/p, 1 < p < ∞, in 3.23 . Then, for closed form c and any constant α > 0, we have
We have proved Caccioppoli-type inequalities with L p log L α -norms for solutions to the nonhomogeneous A-harmonic equation. Using the same method developed in 12 , we can obtain the more general version of the Caccioppoli-type inequality for differential forms satisfying certain conditions. A special useful Young function ψ : 0, ∞ → 0, ∞ , termed where k > 1 is a constant. We say that ψ satisfies the so-called Δ 2 -condition if there exists a constant p > 1 such that ψ 2t ≤ pψ t for all t > 0, from which it follows that
for any t > 0 and λ ≥ 1; see 12 .
We will need the following lemma which can be found in 19 or 12 . 
where c is any closed form.
The proof of Theorem 3.6 is the same as that of Theorem 6.1 developed in 12 . For the complete purpose, we include the proof of Theorem 3.6 as follows.
Proof. Let B R B x 0 , R ⊂ be a ball with radius R and center x 0 , R/2 < t < s < R. Set η x g |x − x 0 | , where
affine, τ < t < s, 0, τ≥ s.
3.31
Then, η ∈ W 1,∞ 0 B s , η x 1 on B t , and
0, otherwise.
3.32
Let v x u x η x p c − u x . We find that
Since ψ is an increasing convex function satisfying the Δ 2 -condition, we obtain
Using the definition of the k-quasiminimizer and 3.27 , it follows that , we obtain the following Corollaries 3.7 and 3.8, respectively, which can be considered as the special version of the Caccioppoli-type inequality. 
for all u such that ϕ |u| ∈ L 1 loc Ω; μ , where the measure μ is defined by dμ w x dx, w x is a weight and τ, σ are constants with 0 < τ ≤ 1, 0 < σ ≤ 1, and the supremum is over all balls B ⊂ Ω. 
for any constant α > 0.
To prove Theorem 4.2, we need the following local Poincaré inequalities, Theorems 4.3 and 4.4, with Orlicz norms. 
4.9
The proof of Theorem 4.3 has been completed. 
